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ABSTRACT We often observe a linear correlation between the first and the second cumulanta when analyzing 
autocorrelation functions obtained in quasi-elastic light scattering (QLS). For time-invariant samples, this 
is explained by a theory based on random noise effects. The theory is supported by evidence from computer 
simulation and from experimental QLS study of polystyrene latex spheres. Using these results, we propose 
a method for reducing scatter of QLS data from a reacting system and illustrate it by a simulated example. 

Introduction 
Quasi-elastic light scattering (QLS) has become a con- 

venient and reliable tool for obtaining hydrodynamic 
properties of macromolecules.lP2 With the cumulant me- 
thod of data analysis? one gets a z-averaged diffusion 
coefficient from the first cumulant and a relative variance 
or "quality factorn from the second cumulant, which re- 
flects the width of the size distribution of the sample. 

In our routine QLS measurements of various types of 
samples, we often observe a pattern in the variation of the 
diffusion coefficient D and the quality factor Q = ( ( D  - 
( D ) ) 2 ) / ( D ) 2 .  For a given sample under identical exper- 
imental conditions, repeated measurements show that 
variations in D and Q are linearly correlated. 

In this paper we show how this observation can be ex- 
plained by a statistical theory of the effect of random noise 
on the least-squares fitting process. Using this experi- 
mental observation and the theoretical explanation, we 
suggest a method to improve data from QLS measure- 
ments on time-dependent samples. 
Theory 

Let e(0,a2) represent Gaussian random numbers with a 
mean value of zero and a standard deviation of u. Then, 
for a "noise-infected" quadratic function 

(1) 
the correlation among the expected values Po, pl, and p2 
(corresponding to bo, bl, and b2), obtained from least- 
squares fitting, is given by the Variance Matrix: V: 

f ( x )  = bo + blx + b2x2 + c(0,a2) 

and x i  is the ith data point. 
The variance of each fitted parameter is given by the 

corresponding diagonal element of V. The off-diagonal 
elements indicate the correlations between fitted param- 
eters. If, for example, Pz is plotted against PI for a large 
number of fits, the least-squares slope for the plot would 

In light scattering experiments, the noise appears in the 
exponential function, while the least-squares fitting is 
usually carried out after taking the logarithm. The theory 
needs to be modified as follows: 

(4) 

be v23/v22* 

f ' ( x )  = In [exp(bo + blx + b2x2) + €1 
This may be expanded about e = 0 as 
f ' ( x )  = 

(bo + b,x + b2x2) + e exp[-(bo + blx + b2x2)] + O(e2) 
(5) 

If terms of higher order than e can be ignored, the Variance 
Matrix for the new set of fitted parameters (P,,', p i ,  p i )  
would be (see Appendix) 

= u ~ ( x ~ x ) - ' ( x ~ w x ) ( x ~ x ) ' '  (6) 

where w is an n X n diagonal matrix with the diagonal 
elements 

(7) wii = exp[-(bo + blxi + b2x?)] 

where 

Again a plot of P i  vs. P1' should yield a slope, P,  given 

In cumulant analysis, the logarithm of the photocurrent 
autocorrelation function, C(t) ,  is fitted to a quadratic 
eauation: 

(2 )  by VZ3'/V22/. 
u,, U,Z v,, 

y ( t )  = y-  In C( t )  = a - bt + ct2/2 

where b = q 2 ( D ) ,  c = q4( (D  - ( D ) ) 2 ) ,  q is the scattering 
wavevector = (47rii/h) sin (8/2), h is the wavelength of laser 
light, ii is the refractive index of the medium, 0 is the 
scattering angle, and Q is the quality factor = ((D - 
( D ) ) 2 ) / ( D ) 2  = c/b2. 

Let b', c', and Q'be the "true" values of b, c, and Q, 
respectively, and Ab = b - b', Ac = c - c', and AQ = Q - 
Q' the corresponding differences. We have used the term 

X I Z  x12 ... xn2  "true" value to indicate the value that one would obtain 
in the absence of random noise. It may include systematic 

(3a) ; -  ;-) 
x n  X n 2  

1 ... 
XT f '  x, ... :.) ( 3b) 
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Figure 1. Computer simulation of the effect of random noise 
on cumulant fit. Random noise is added to an autocorrelation 
function C(i)  = exp(404i + 8 X 104i2), and the s u m  is analyzed 
by the cumulant method to obtain b and Q, plotted as circles. 
The true values are 6’ = 0.02 and Q’ = 0.02. The solid line 
represents the theoretical prediction (eq lo), and the crosses show 
the variance of the fit. 

error and other errors not considered here. 
The theory predicts that the variations in the first and 

the second cumulants due to random noise are linearly 
related with a proportionality constant 8: 

P (Ac)/(Ab) = -2(V23’/Vz’) (9) 

Here a factor of -2 is included to account for the minus 
sign in the t term and for the ‘ I2 in the t2  term of eq 8. 
In practice, the relative variance, or quality factor, is a 
more meaningful quantity: 

Q = C/b2 = (c’- AC)/b2 = (c’- bb’+ @b)/b2 (10) 

(11) 

Therefore over a small range of variation in b near b’, the 
plot of Q vs. b will be very close to a straight line with a 
slope of @b’- 2 ~ ’ ) / ( b ’ ) ~ .  This explains the correlation 
between Q and b observed experimentally. 

Experimental Section 
1. Computer Simulation. A computational experi- 

ment was carried out to test the theory. Normally dis- 
tributed (Gaussian) random numbers were generated with 
the RND function of the Tektronix computer (Model 
4052), followed by averaging. These numbers were su- 
perimposed on a synthesized correlation function with a ’ 
= 0, b’ = 0.02/T, and Q’ = 0.02: 

C( i )  = exp(-0.04i + 8 X 104i2) (12) 

Here the channel time T is introduced to make b’and c’ 
unitless and sample-independent. The final noise-affected 
correlation functions were analyzed by the cumulant me- 
thod. 

The results for the case where the magnitude of random 
noise is 1% of the first channel are shown in Figure 1. 
Over a small range of variation, typical of good-quality 
experimental data, the quality factor Q varies linearly with 
the first cumulant b. 

The Variance Matrix V’ for the given condition is cal- 
culated to be 

dQ/db = (2pb’- @b - 2c’)/b3 

i = 1, 2 ,..., n 

1.235 X 10’ -9.785 X 10.’ 1.207 X l o - ’  
V = -9.785 X 10.’ 7.918 X l o - *  -9.926 x 

1.275 X i 1.207 X 10.’ -9.926 X 

and 8 = 2.504 X 

c\1 
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Figure 2. Variation of Q and b obtained from QLS of a sample 
of polystyrene latex spheres of nominal radius 1090 A at 20 “C. 
The solid line was plotted according to eq 10, with b’ = 1825 8, 
T = 20 pa, and Q’ = 0.005. 

The theoretical prediction (eq 10) is plotted as the solid 
line in Figure 1, which is in good agreement with the ex- 
perimental results. Also plotted are the variance of the 
least-squares fit, which shows the expected minimum near 
the true value (b, Q). 

2. QLS of Polystyrene Latex Spheres. An aqueous 
suspension of polystyrene latex spheres was studied with 
our photon-counting, digital-correlation appa ra tu~ .~?~  The 
light intensity was kept low (5 X lo4 counts/s) and aver- 
aging time short (100 s) to allow a wider range of variation 
(base line count = 5 X lo6, first-channel count = 2 X lo6 
above base line). Forty-five autocorrelation functions were 
acquired consecutively, and the values of Q and b were 
determined by the cumulant analysis. The results are 
plotted in Figure 2. 

The theoretical line is calculated with eq 10, with b’ = 
1825 s-l, in accordance with the size of the latex spheres 
used (1090 A). A value of 0.005 is chosen for Q’to reflect 
the dispersion of the size distribution of about 7%. Then 
c’ is determined by c’ = Q’b’2 to be 16 653. To obtain p 
in this case, the Variance Matrix V‘ is constructed for n 
= 56 (64-channel correlator with the last 8 channels de- 
layed), yielding a slope of 4.436 X which is set equal 
to PT (see Discussion). With T = 20 ps from the experi- 
mental setting, P = 2218. The theoretical prediction is 
represented by the solid line in Figure 2. The agreement 
is satisfactory. 

Applications 
1. Time-Independent Samples. When random noise 

or counting error is the major cause for the observed 
fluctuation in the diffusion coefficients, it is possible to 
construct a diagram like Figure 1 and use the following 
rules to determine a more precise value of D. (1) The mean 
values of D and Q are good approximations to the true 
values due to the symmetry of the distribution. (2) The 
true values lie close to the minimum of the variance of the 
fit. 

In principle, given enough time for the data averaging 
process, random counting error may be reduced to achieve 
the same accuracy as by the method just described. 
However, when the sample contains a small amount of 
strongly scattering contaminant, such as dust, the method 
of averaging several D’s and Q’s obtained in short runs 
would give a more reliable approximation to the true values 
than a single long run. Runs affected by dust (recognizable 
by transient high scattering intensity) can be discarded. 
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triangles) shows almost no scatter and agrees very well with 
the true reaction profile. 

Discussion 
Since in a light scattering experiment, the noise is in the 

exponential autocorrelation function, a direct nonlinear 
fit appears to be statistically more appropriate. However, 
due to its ease and speed, linear least-squares fit to the 
logarithm of the autocorrelation function is far more 
popular. This is exemplified by the widely used cumulant 
pr~cedure .~  

On the basis of the statistical theory, the variations in 
the fitted cumulants should be linearly correlated. This 
is demonstrated by the computer simulation experiment 
and by the actual light scattering data from solutions of 
polystyrene latex spheres (Figures 1 and 2). 

The correlation coefficient for the c vs. b plot (not shown, 
but similar to Figure 1) is 0.988. This suggests a high 
degree of linear correlation between b and c. A comparable 
plot for a vs. b is also linear (not shown), with a correlation 
coefficient of 0.990. It should also be mentioned that the 
magnitude of a is quite small, such that ea has a mean of 
1.0 and a standard deviation of 0.003. 

Normally, if the noise is in a linear function itself, the 
Variance Matrix V would depend only on the functional 
form of f ( x )  (eq 1-3). In other words, no matter what 
values bo, bl, and b, may take, the same V results. But 
in the case of light scattering, an additional perturbation 
term ce-(bo+blx+bg2) (see eq 5 )  is included in the considera- 
tion. The Variance Matrix V’ becomes dependent on bo, 
bl, and bp  However, the dependence is rather weak. The 
slope of the c vs. b plot changes from 2.507 X for 
monodisperse samples (Q = 0) to 2.357 X low2 for poly- 
disperse ones (Q = 0.3). 

The slope from the computer simulation (2.494 X 
is lower than that predicted from the Variance Matrix 
(2.504 X by only 0.4%. The agreement is remarkable. 
This indicates that the truncation of terms of higher order 
than is justified for the present condition. 

An important point should be made here: @ is in fact 
PT, where Tis the channel time. We have for convenience 
set T = 1 in eq 9. A study of the dependence of PT on n 
shows PT = 2.5/n, or p = 2.5/nT, for the prescribed con- 
dition where nT equals 2/b’. That is, nT is twice the decay 
time of the autocorrelation of the scattered field, or 4 times 
that of C ( i )  in eq 12. With nT = 2/b‘, @ = 1.25b’, which 
means is only dependent on the property of the sample, 
and not on the correlator used. This argument may be 
easily extended to other experimental conditions where nT 
equals l l b ’or  3/b’, etc. 

Although the relationship between Q and b is more 
complex than that between c and b, data have been 
presented in Q vs. b plots because Q is widely used as the 
standard measure of relative dispersion of the data. When 
the noise level is low and the variations in b and c are small, 
Q vs. b plots are also linear. 

When this method is applied to time-dependent mea- 
surements, the choice of a proper c’(t) may be difficult. 
Qualitatively, one large uncertainty in c’(t) is the constant 
offset arising from all sources other than random noise. 
Fortunately, because of the fixed linear relationship be- 
tween c’ and b’, the main effect of this uncertainty is to 
produce a constant shift in b’(t); it does not alter the time 
dependence of b’(t) significantly. Therefore the kinetic 
parameters obtained would still be acceptable. 

We have occasionally observed experimentally what 
these calculations confirm: the quality factor can be 
negative due to random noise, although one would expect 
it to be positive from the greater contribution of slow 
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relaxation processes at long channel times. The true value 
of Q should indeed be positive, but its random variation 
may extend to the negative domain. 
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Appendix. Derivation of Eq 6 

matrix representation is 
For a function f ( x )  = bo + blx + b2x2 + e, as in eq 1, its 

F = x B + E  
where 

and 

and xT is the transpose of the matrix x. The estimated 
values (Po, P1, P2) for the corresponding parameters (bo, bl, 
b2) are given by (see eq 2.1.17 of ref 4) 

using the relationships Var (kx) = k[Var (x)]kT, and 
(AB)T = BTAT 

Var (8) = [(xTx)-’xT] [Var (F)] [(xTx)-’xTIT 
= (xTx)-l[xT Var (F)x](xTx)-l 

Since Var (F) = Var (xB) + Var (E) = Var (E) = a2 

Var (8) = a2(xTx)-l (see eq 2.3.1 of ref 4) 

Now, if the noise appears in the exponential function 
f ( x )  = exp(bo + b lx  + b2x2) + e 

and a linear least-squares f i t  is done on In f ( x )  

f ’ ( X )  = In (ebo+blX+bzX2+c ) 
- - (bo + b,x + b 2 )  x2 + e e - ( b o + h ~ + b 2 ~ ?  

the Variance Matrix becomes 

Var ( p ’ ) =  4 , ’  = (xTx)-’[xT Var (F’ )x](xTx)- l  

Since Var (F’) = W[Var (E)]W = 2 W W  = a2W2 where 
W is a diagonal matrix with elements 

Wii = exp[(bo + b,xi + b2xi2)]  

c: j 
Var (p’) = a2(~T~)-1(~T~2~)(~T~)-1. 
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ABSTRACT Pullulan, an extracellular polysaccharide, has been studied in the dilute region by both static 
and dynamic light scattering techniques. The samples used are fractions with narrow molecular weight 
distribution over the range of molecular weight from 5 X lo3 to 2.4 X lo6. The radii of gyration (RG) have 
been estimated from the scattered light intensity with the usual Zimm plot. The hydrodynamic radii ( R H )  
have been obtained from the translational diffusion coefficient (Do) a t  infinite dilution. The characteristic 
exponents for the molecular weight dependence of polymer chain dimensions in good solvents are determined 
as YG for the RG values and Q for the RH values, respectively. The VG value (YG = 0.58) falls close to the asymptotic 
value predicted theoretically. The V H  value ( v H  = 0.52) is, however, smaller than the UG value obtained. The 
ratios ( p  = RG/RH) estimated from the experimental results for each fraction used are discussed. The 
concentration dependence coefficients (k,) of the diffusion coefficient are also discussed in terms of the 
hydrodynamic theories. It is confirmed that pullulan aqueous solutions behave as typical solutions of linear 
polysaccharides in good solvents. 

Introduction 
Polymer chain dimensions in dilute solutions have been 

determined conventionally by both static and dynamic 
light scattering experiments. For samples having suffi- 

to the infinite dilution limit depend on the molecular 
weight, M ,  at a constant temperature as a simple power 
law: 

ciently high molecular weight, the dimensions extrapolated RG N M Y G  (1) 
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